We develop a set of kinetic equations for hydrodynamic fluctuations which are equivalent to nonlinear hydrodynamics with noise. The hydro-kinetic equations can be coupled to existing second order hydrodynamic codes to incorporate the physics of these fluctuations, which become dominant near the critical point. We use the hydro-kinetic equations to calculate the modifications of energy momentum tensor by thermal fluctuations from the earliest moments and at late times in Bjorken expansion. The solution to the kinetic equations precisely determines the coefficient of the first fractional power (∝ τ −3/2 ) in the energy momentum tensor gradient expansion. Numerically, we find that the contribution to the longitudinal pressure from hydrodynamic fluctuations is comparable to the second order hydrodynamic terms for typical medium parameters used to simulate heavy ion collisions.
Introduction
In relativistic heavy-ion collisions, hydrodynamics has been a key concept that makes it possible to understand complicated experimental data in a simple way. The discovery of collective flow and evenby-event fluctuations of higher flow harmonics in the heavy-ion collisions indicate creation of a strongly interacting quark-gluon plasma whose properties are consistent with a nearly perfect fluid [1] . Currently, a concentrated effort is being made to improve this hydrodynamic paradigm in the heavy-ion collisions [2] .
A qualitatively new ingredient in the hydrodynamic models of heavy-ion collisions is thermal noise [3] . Thermal fluctuations is an integral part of a viscous hydrodynamics, as required by the fluctuation-dissipation theorem. Origin of thermal hydrodynamic fluctuations is the coupling between the slow hydrodynamic degrees of freedom and the fast microscopic degrees of freedom. Even after integrating out the latter, microscopic degrees of freedom manifest themselves as a stochastic noise to the effective hydrodynamic theory. So far, most of hydrodynamic simulations for the heavy-ion collisions have neglected the thermal noise, with a few exceptions [3, 4, 5, 6, 7, 8, 9] . Thermal noise in heavy ion collisions may be important, since the number of particles (∼20000) is not so large. Furthermore, stochastic fluctuations play an essential role near the QCD critical point, and therefore it is important to investigate the effect of thermal noise on the hydrodynamic evolution in heavy-ion collisions.
In this work we focus on the hydrodynamic fluctuations in expanding systems and analyze them in a comoving frame [10] . A specific example under consideration is the Bjorken expansion, for which the spacetime metric in the comoving frame is g µν = diag(−1, 1, 1, τ 2 ) 1 . We find an emergent scale k * at which the effects of expansion and relaxation of hydrodynamic fluctuations compete with each other. To describe this regime effectively, we develop a kinetic theory framework for the hydrodynamic fluctuations with wave number ∼ k * . The out-of-equilibrium stochastic fluctuations modifies the energy-momentum tensor through nonlinear terms. We calculate the slowly decaying nonlinear contributions to the energy momentum tensor and compare them with second order hydrodynamic corrections.
Kinetic equation for hydrodynamic fluctuations
In a finite temperature medium hydrodynamic fluctuations are constantly excited and then propagate and damp according to hydrodynamic equations. The damping rate for fluctuations with wave number k is given by ∼ γ η k 2 , where γ η = η/(e + p) is the momentum diffusion coefficient. The balance between constant excitation and damping of fluctuations leads to a thermal equilibrium, which is destroyed by the background expansion. The Bjorken expansion rate is given by ∼ 1/τ = 1/ √ t 2 − z 2 , so hydrodynamic fluctuations with
relax slowly and are driven out of thermal equilibrium by the expansion. We call this new emergent scale k * a kinetic regime. The hydrodynamic gradient expansion is controlled by a small dimensionless parameter
Using ǫ, the kinetic regime can be expressed as
So the kinetic regime is hard compared to the background scale, but is still in the regime controlled by the gradient expansion. The out-of-equilibrium distribution of the thermal fluctuations is characterized by two point correlation functions. We will derive evolution equations for the two point correlation functions of these fluctuations in the kinetic regime and analyze how these fluctuations modifies the background flow. There are four modes of linearized fluctuations φ ≡ (c s δe, G) in the kinetic regime: left-going and right-going sound modes (φ ± ), and two transverse diffusive modes (φ T 1 ,T 2 ). Here δe and G ≡ (g x , g y , τg η ) are energy and momentum density fluctuations. Parametrizing the wave vector in the polar coordinates
, the four modes are given by
Since the kinetic regime is hard, these modes get incoherent easily and do not mix with each other (rotating wave approximation). The kinetic equations for the two point correlators
1 Another interesting example is a weak shear flow. Its comoving frame metric is g µν = diag(−1, 1 + h(t), 1 + h(t), 1 − 2h(t)) with h(t) = h 0 e −iωt + c.c.. Here we can also derive a kinetic theory description and compute the contribution of fluctuations to energymomentum tensor up to O(h 0 ). We obtain the shear response function G shear R (ω), which agrees with the results of [11, 12] obtained diagrammatically for a static medium.
(A = +, −, T 1 , T 2 ) are obtained as:
From the kinetic equations, we see that the fluctuations get close to equilibrium at large | K|/k * ≫ 1.
Contribution of fluctuations to energy-momentum tensor
In a Bjorken expansion, the energy density component T ττ is diluted by the expansion and mechanical work done by the longitudinal pressure τ 2 T ηη , as described by equation of motion
In the expanding medium the distribution of hydrodynamic fluctuations is modified from that in the equilibrium. The modified distribution of fluctuations affects the background flow through nonlinear terms of fluctuations, which are given by the constitutive relations
and G i G j is given by a linear combination of two point correlators N AA 's integrated in the k space. For example,
The asymptotic solution of N AA for large | K| gives divergent contributions to the energy momentum tensor, which can be regularized by a hydrodynamic cutoff scale Λ. The energy-momentum tensor should not depend on the cutoff scale Λ and its explicit dependence is absorbed by making the background fluid quantities depend on Λ (renormalization).
Here p and η correspond to the bare quantities p 0 (Λ) and η 0 (Λ) in the thermodynamic limit (Λ → 0), where all the hydrodynamic fluctuations are integrated out and contribute to the pressure and shear viscosity. After renormalization, T ηη is cutoff independent and the contribution of thermal fluctuations excited from early time moment to late time is numerically computed as
Here, we include the second-order viscous correction to the ideal Bjorken expansion. The third term on the right hand side has a fractional power and is called "long-time tail" because of its power law tail in τ. Its scaling is simply understood by evaluating the contributions to the pressure from the kinetic regime:
Substituting typical scales for heavy-ion collisions (s/T 3 ≃ 13.5 [13, 14] , 15, 16] , and τT ∼ 4.5), the longitudinal pressure is estimated to be
and we find that the long-time tail contribution is larger than the second order viscous corrections for smaller η/s. Therefore, to precisely determine the second order viscous coefficients, one needs to simulate hydrodynamics with thermal noise to correctly evaluate a more important contribution of the long-time tail.
Summary and Outlook
In this work we studied hydrodynamic fluctuations in the kinetic regime. We derived the kinetic equations for the hydrodynamic fluctuations, which describe how the distribution of fluctuations is modified by a Bjorken expanding background. The fluctuations contribute to the background energy-momentum tensor and contain divergences which needs to be renormalized into the background pressure and viscosity. The remaining finite contribution has a long-time tail which lasts long as a power law correction ∝ τ −3/2 to the background fluid, and makes an essential difference from the hydrodynamics without the thermal noise. The long-time tail is due to the modified distribution of hydrodynamic fluctuations in the kinetic regime.
The presented formalism provides an alternative way to solve hydrodynamics with noise by coupling the background fluid and fluctuations using the kinetic equations. We can also develop the kinetic theory for a non-conformal fluid and study how the bulk viscosity is renormalized. Finally, within the framework of hydro-kinetic we can study the critical fluctuations near the QCD critical point and analyze non-equilibrium Kibble-Zurek scaling behavior in expanding systems.
